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Two transparent layers are introduced at the boundaries of the fifth dimension, for the optimal
domain-wall fermions. For the quark fields defined in terms of these two transparent layers, they obey
the usual chiral projection rule in the continuum, independent of the gauge fields. Consequently,
any observable constructed with the quark fields manifests the symmetries exactly as those of its
counterpart in the continuum.
The basic idea of domain-wall fermion (DWF) [1, 2]
is to use an infinite set of coupled Dirac fermion fields
{ψs(x), s ∈ (−∞,∞)} with masses behaving like a step
function m(s) = mθ(s) such that the Weyl fermion state
can arise as zero modes bound to the mass defect at
s = 0. However, if one uses a compact set of masses,
then the boundary conditions of the mass (step) func-
tion must lead to the occurrence of both left-handed and
right-handed chiral fermion fields, i.e., a vector-like the-
ory. For lattice QCD with DWF [3], in practice, one can
only use a finite number Ns of lattice Dirac fermion fields
to set up the domain wall, thus the chiral symmetry of
the quark fields (in the massless limit) is broken. There-
fore, a relevant question is whether one can construct
a domain-wall fermion action such that the effective 4D
lattice Dirac operator has the mathematically optimal
chiral symmetry for finite Ns.
In Ref. [4], the optimal domain-wall fermion (ODWF)
is constructed such that the effective 4D lattice Dirac op-
erator attains the mathematically optimal chiral symme-
try for any finite Ns, exponentially-local for sufficiently
smooth gauge backgrounds [5], and independent of the
lattice spacing in the fifth dimension. The basic idea
of ODWF is to construct a set of analytical weights,
{ωs, s = 1, · · · , Ns}, one for each layer in the fifth dimen-
sion, such that the chiral symmetry breaking due to finite
Ns can be reduced to the minimum. The 4-dimensional
effective Dirac operator of massless ODWF is
D = m0[1 + γ5Sopt(Hw)],
Sopt(Hw) =
1−
∏Ns
s=1 Ts
1 +
∏Ns
s=1 Ts
, Ts =
1− ωsHw
1 + ωsHw
,
which is exactly equal to the Zolotarev optimal rational
approximation of the overlap Dirac operator [6, 7]. That
is, Sopt(Hw) = HwRZ(Hw), where RZ(Hw) is the opti-
mal rational approximation of (H2w)
−1/2 [8, 9].
However, in the original formulation [4], the valence
quark propagator cannot be expressed in terms of the
correlation function of the quark fields defined in terms
of the boundary modes, unlike the conventional domain-
wall fermion. In this paper, we solve this problem by in-
troduced two transparent layers with ωs = 0, as bound-
ary layers appending to the original action of ODWF
such that the quark fields defined in terms of these two
transparent layers obey the usual chiral projection rule in
the continuum, independent of the gauge fields. Conse-
quently, the valence quark propagator can be expressed in
terms of the correlation function of the quark fields, and
any observable constructed with the quark fields mani-
fests the symmetries exactly as those of its counterpart
in the continuum. The salient feature of a transparent
layer (with ωs = 0, and Ts = 1) is that its presence does
not change the effective 4D Dirac operator.
With two additional transparent layers at s = 0 and
s = Ns + 1, the action of ODWF can be written as
Af =
Ns+1∑
s,s′=0
∑
x,x′
ψ¯x,s{(ωsDw + 1I)x,x′δs,s′
+ (ωsDw − 1I)x,x′(P−δs′,s+1 + P+δs′,s−1)}ψx′,s′
(1)
with boundary conditions
P+ψx,−1 = −mP+ψx,Ns+1, m ≡ mq/(2m0),
P−ψx,Ns+2 = −mP−ψx,0,
where P± = (1 ± γ5)/2, mq is the bare quark mass, Dw
is the standard Wilson-Dirac operator plus a negative
parameter −m0 (0 < m0 < 2), and the formula for the
weights (ωs, s = 1, · · · , Ns) is given in Ref. [4].
Now we define the quark fields in terms of the bound-
ary modes
q(x) = (2m0)
−1/2 (P−ψx,0 + P+ψx,Ns+1) ,
q¯(x) = (2m0)
−1/2
(
ψ¯x,0P+ + ψ¯x,Ns+1P−
)
.
(2)
In the following, we show that the valence quark propa-
gator in a gauge background is equal to the correlation
function of the quark fields, i.e.,
〈q(x)q¯(y)〉 = (Dc +mq)
−1
x,y, (3)
where
Dc = 2m0
1 + γ5Sopt
1− γ5Sopt
, (4)
Sopt =
1−
∏Ns
s=1 Ts
1 +
∏Ns
s=1 Ts
, (5)
Ts =
1− ωsHw
1 + ωsHw
. (6)
2Obviously, the transparent layers (with ωs = 0) do not
change the effective 4D Dirac operator since Ts = 1.
The generating functional W for connected n-point
Green’s function of the quark fields is defined as
eW [J,J¯] = Z[J, J¯ ] =
∫
e−Ag−Af−APV +J¯q+q¯J∫
e−Ag−Af−APV
, (7)
where J¯ and J are the Grassman sources of q and q¯ re-
spectively,
∫
≡
∫
[dU ][dψ][dψ¯][dφ][dφ¯], Ag is the gauge
action, APV is the action of the Pauli-Villars fields
{φ¯s, φs} with mq = 2m0, i.e.,
APV =
Ns+1∑
s,s′=0
∑
x,x′
φ¯x,s{(ωsDw + 1I)x,x′δs,s′
+ (ωsDw − 1I)x,x′(P−δs′,s+1 + P+δs′,s−1)}φx′,s′
with boundary conditions
P+φ(x,−1) = −P+φ(x,Ns + 1),
P−φ(x,Ns + 2) = −P−φ(x, 0).
First we evaluate the fermionic integrals in (7). Using
γ5P± = ±P±, P+ + P− = 1, and Hw = γ5Dw, we can
rewrite (1) as
Af = (m+ 1)ψ¯0γ5P+ψNs+1
−ψ¯0γ5(P−ψ0 + P+ψNs+1) + ψ¯0γ5(P−ψ1 + P+ψ0)
+
Ns∑
s=1
{ψ¯sγ5(ωsHw − 1I)(P−ψs + P+ψs−1)
+ ψ¯sγ5(ωsHw + 1I)(P−ψs+1 + P+ψs)}
− ψ¯Ns+1γ5(P−ψ¯Ns+1 + P+ψNs)
+ ψ¯Ns+1γ5(P−ψ0 + P+ψNs+1)
− (m+ 1)ψ¯Ns+1γ5P−ψ0,
(8)
where all indices are suppressed except the index in the
5-th dimension. Next we define
η0 = P−ψ0 + P+ψNs+1, η¯0 = −ψ¯0γ5,
ηs = P−ψs + P+ψs−1, η¯s = ψ¯sγ5(ωsHw − 1),
ηNs+1 = P−ψNs+1 + P+ψNs , η¯Ns+1 = −ψ¯Ns+1γ5,
where the index s in the second line runs from 1 to Ns,
and the inverse transform
ψ0 = P−η0 + P+η1, ψ¯0 = −η¯0γ5,
ψs = P−ηs + P+ηs+1, ψ¯s = η¯s(ωsHw − 1)
−1γ5,
ψNs+1 = P−ηNs+1 + P+η0, ψ¯Ns+1 = −η¯Ns+1γ5.
Then the action (8) can be rewritten as
Af = η¯0(P− −mP+)η0 − η¯0η1
+
Ns∑
s=1
{
η¯sηs − η¯sT
−1
s ηs+1
}
+ η¯Ns+1ηNs+1 − η¯Ns+1(P+ −mP−)η0.
(9)
Thus the fermionic integral in the numerator of (7) can
be written as∫
[dψ¯][dψ]e−Af [ψ,ψ¯]+J¯q+q¯J
= J
∫
[dη¯][dη]e−Af [η,η¯]+J¯
′η0−η¯0P+J
′+η¯Ns+1P−J
′
,
(10)
where J ′ = (2m0)
−1/2J and J¯ ′ = (2m0)
−1/2J¯ , and J is
the Jacobian of the transformation,
J =
Ns∏
s=1
det(ωsHw − 1).
Now using the Grassman integral formula∫
dχ¯dχ e−χ¯Mχ+v¯χ+χ¯v = ev¯M
−1v detM,
one can easily evaluate the Grassman integrals in (10),
by integrating (ηs, η¯s) successively from s = Ns + 1 to
s = 0. Explicitly, after integrating (ηNs+1, η¯Ns+1), (10)
becomes
J
∫ Ns∏
s=0
[dη¯s][dηs] exp{−η¯0(P− −mP+)η0 + η¯0η1
+ J¯ ′η0 − η¯0P+J
′
− η¯NsηNs
+ η¯NsT
−1
Ns
[(P+ −mP−)η0 + P−J
′]},
then integrating (ηNs , η¯Ns), it becomes
J
∫ Ns−1∏
s=0
[dη¯s][dηs] exp{−η¯0(P− −mP+)η0 + η¯0η1
+ J¯ ′η0 − η¯0P+J
′
−
Ns−2∑
s=1
(η¯sηs − η¯sT
−1
s ηs+1)− η¯Ns−1ηNs−1
+ η¯Ns−1T
−1
Ns−1
T−1Ns [(P+ −mP−)η0 + P−J
′]}.
Subsequent integrations over (ηNs−2, η¯Ns−2) up to
(η1, η¯1) are similar to the above integration, and the re-
sult is
J
∫
[dη¯0][dη0] exp{−η¯0(P− −mP+)η0 + J¯
′η0 − η¯0P+J
′
+ η¯0
Ns∏
s=1
T−1s [(P+ −mP−)η0 + P−J
′]}
Finally, integrating (η0, η¯0) gives
J det
[
(P− −mP+)− T
−1(P+ −mP−)
]
×
e
J¯′
[
(−P++T−1P−)
−1
(P−−T−1P+)+m
]
−1
J′
where T−1 =
∏Ns
s=1 T
−1
s . Using the simple identity
(
−P+ + T
−1P−
)−1 (
P− − T
−1P+
)
=
1 + γ5Sopt
1− γ5Sopt
,
3the above result becomes
K det[(Dc +mq)(2m0)
−1] exp{J¯(Dc +mq)
−1J}, (11)
where Dc is defined in (4), and
K =
Ns∏
s=1
det(ωsHw − 1) · det
[
(−P+ + T
−1P−)
]
.
Setting J¯ = J = 0 in (11), we obtain the result for the
fermionic integral in the denominator of (7),
∫
[dψ¯][dψ]e−Af = K det[(Dc +mq)(2m0)
−1]. (12)
Next, we evaluate the integrals over the Pauli-Villars
fields in (7). Using the Gaussian integration formula for
the boson fields, and following the procedures similar to
above for the fermion fields, we obtain
∫
[dφ¯][dφ]e−APV = piNs+2K−1 det[1 +Dc/(2m0)]
−1.(13)
Substituting (11)-(13) into (7), we have
eW [J,J¯] =
∫
[dU ]e−Ag detD(mq)e
J¯(Dc+mq)
−1J∫
[dU ]e−Ag detD(mq)
, (14)
where
D(mq) = (Dc +mq)[1 +Dc/(2m0)]
−1
= mq + (m0 −mq/2)[1 + γ5Sopt(Hw)],
(15)
is the effective 4D operator of ODWF, in which Sopt(Hw)
is exactly equal to the Zolotarev optimal rational approx-
imation of the sign function in the overlap Dirac operator
[6]. That is, Sopt(Hw) = HwRZ(Hw), where RZ(Hw) is
the optimal rational approximation of (H2w)
−1/2 [8, 9].
In the limit Ns → ∞, Sopt(Hw) = Hw(H
2
w)
−1/2,
γ5Sopt(Hw) ≡ V satisfying V
† = γ5V γ5 = V
−1. Then
Dc (4) becomes Dc = 2m0(1+V )(1−V )
−1 which is chi-
rally symmetric, and D(0) = Dc(1+Dc)
−1 = m0(1+V )
is exactly equal to the overlap Dirac operator [6], satis-
fying the Ginsparg-Wilson relation
D(0)γ5 + γ5D(0) =
1
m0
D(0)γ5D(0).
The quark propagator can be obtained by differentiat-
ing W [J, J¯ ] with respect to J and J¯ ,
〈q(x)q¯(y)〉 = −
δ2W [J, J¯ ]
δJ¯(x)δJ(y)
∣∣∣∣
J=J¯=0
=
∫
[dU ]e−Ag det[D(mq)](Dc +mq)
−1
x,y∫
[dU ]e−Ag det[D(mq)]
,
(16)
which reduces to (3) for a background gauge field.
In general, any observable involving quark fields can be
obtained from Z[J, J¯ ] by differentiation, and it possesses
the symmetries exactly the same as its counterpart in the
continuum. For example, the current-current correlator
〈d¯(x)γ4P−s(x)s¯(0)γ4P−d(0)〉
=
δ
δJd(x)
γ4P−
δ
δJ¯s(x)
δ
δJs(0)
γ4P−
δ
δJ¯d(0)
Z[J, J¯ ]
∣∣∣∣
0
=
∫
[dU ]e−AG
∏
f detD(mf )OK(x)∫
[dU ]e−AG
∏
f detD(mf )
where
OK(x) = −tr[(Dc +md)
−1
0,xγ4P−(Dc +ms)
−1
x,0γ4P−].
Obviously, the V −A structure of the left-handed quark
currents is preserved exactly. This is one of the basic mo-
tivations to introduce the transparent layers with ωs = 0.
On the other hand, if one uses the Ginsparg-Wilson Dirac
operator (satisfyingDγ5+γ5D = Dγ5D) to construct the
quark action,
AF =
∑
x,y
q¯(x)Dx,yq(y)
=
∑
x,y
[q¯(x)P+(DPˆ−)x,yq(y) + q¯(x)P−(DPˆ+)x,yq(y)]
where P± = (1 ± γ5)/2 and Pˆ± =
1
2 [1 ± γ5(1 − D)]
are the chiral projectors for q¯ and q respectively. Then
d¯(x)γµPˆ−s(x) 6= d¯(x)P+γµs(x), and the left-handed
quark current does not manifest the V − A structure.
Consequently, these left-handed quark currents explic-
itly breaks the SUL(2) gauge symmetry by O(a) effect
[10], and the discrete CP symmetry in chiral gauge the-
ories with Ginsparg-Wilson fermion is explicitly broken
by O(a) effect [11].
Even though the transparent layers (with ωs = 0) are
introduced as the boundary layers for defining the quark
fields such that any observable involving the quark fields
manifest the symmetries exactly as those of its counter-
part in the continuum, in practice, one does not need to
keep these transparent layers in the dynamical simula-
tions of QCD, since their presence does not change the
fermion determinant at all. Moreover, the valence quark
propagator also can be obtained without using the trans-
parent layers. In the original ODWF action [4], the quark
fields are defined by the boundary modes at s = 1 and
s = Ns similar to (2). Then one can obtain the valence
quark propagator by solving the following linear system
D(mq)|Y 〉 = D(2m0)B
−1|source vector〉 (17)
where B−1x,s;x′,s′ = δx,x′(P−δs,s′+P+δs+1,s′) with periodic
boundary conditions in the fifth dimension. Then the
solution of (17) gives the valence quark propagator
(Dc +mq)
−1
x,x′ = (2m0 −mq)
−1
[(BY )x,1;x′,1 − δx,x′] .
Nevertheless, the transparent layers with ωs = 0 turn
out to play a crucial role in the derivations of some an-
alytical results which would be difficult to obtain oth-
erwise. An example is the derivation of the axial Ward
4identity for lattice QCD with ODWF [12]. Obviously,
one can insert any numbers of transparent layers at any
locations along the 5-th dimension. This opens new pos-
sibilities to tackle problems in domain-wall fermions.
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